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Abstract 

Using Bessel-Muirhead system, we can express the K-bessel function defined on a 
Jordan algebra as linear combination of the J-solutions. We determine explicitly the 
coefficients when the rank of this Jordan algebra is three after a reduction to the rank 
two. The main tools are some algebraic identities developed for the occasion. 
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1 Introduction 

In jTj we solved the Bessel-Muirhead system of rank 2 and 3 and expressed, in the rank 2 case, 
the K-bessel function as linear combination of the J-solutions with explicit coefficients. In this 
paper we continue our work and prove that similar result is also true when the Jordan algebra 
is of rank 3. In this case there is four non-equivalent classes of simple euclidean Jordan algebra 
and in P we intended to perform case-by-case calculation. In this way, a serious difficulty 
arise in the evaluation of some integral over the automorphism group of the Jordan algebra. 
However, a unified treatment is possible by a reduction to the rank 2 case using some algebraic 
identities. This what we will present here. Let us recall the situation and some results in pQ. 

Definition 1 Bessel-Muirhead operators are defined by 

d 2 d d 1 d d 

Bi = x i7 -^ + (z/ + 1)— + 1 + - E O^Ti Xj—),l<i<r (1) 

oxf axi 2 Xi — Xj axi oxj 

r is the rank of the system. A symmetric function f is said to be a Bessel function if it is a 
solution of Bi f — , i — 1, 2, r. 
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Denote by ti,t 2 , ...,t r the elementary symmetric functions , i.e. 

tp ^ ] Xi 1 Xi 2 -''Xi p (2) 

l<il<j 2 <...<i p <r 

with to = I and t p = if p < or p > r. The Bessel-Muirhead system is then equivalent to 
the system (see |E],[2]) Z^g = , 1 < k < r where 

and 

f ti+i-fe */ i,j>k 

Aij = \ -U+j-k if i,j <kandi + j >k (4) 
[ elswhere 

Here S k is the Kronecker symbol and g(t\, t 2 , t r ) = f(xi,X2,-.-,x r ). When r = 2, we have 
(see pQ ) a fundamental set of solutions given by J^,J^ 2 \t 2 u J [2 l 1] and t 2 v J™ where : 

( _i ) m i 

jf' l \hM)= E ^ m n _A 7TT ^ 

mi,m 2 >0 l i JmiUJm 2 l i + Z/ Jm 2 l i + ^ + 2/ m i+2m 2 

and 

j[2,2\(± j. \ _ ST^ ( — l) mi .mi-v-d/2, m2 (f ,s 

Here (a)k is the classical Pochhammer symbol i.e, (a)k = a(a + 1) • • ■ (a + k — 1). In this case 
the K-Bessel function (in two variables) can be written as follows : 

Kf = ( 2 7r) (n - 2)/2 r(-^)rH/-^)^ (7) 

+ (2nf^ 2 T{-v)T{v + ^) J™ + (27rf-^ 2 T{v)T{-v + ^) t ?J™ 

Observe that this expression reduce (up to constant factor) to the classical one variable formula 
when t 2 = and generic v. Now, for r = 3 we have eight linearly independant J-solutions 



JM, JM, JM, jM.^l^-jM.irjy ^d tfjW where : 

( — 1 l m l+™3 

4' 1] {ti,h,t*) = E 



iu s -i»2-i»:: (^)mi (l)m 2 (l)m 3 (1 + z/ )m 3 (l + ^ + 2 )m2+2m 3 

(1 + 2z/ + <j) mi+ 2m 2 +4m 3 ,m 1+ m 2+ m i 

{ j\ ( j\ 12 3 

(1 + V + ")mi+2m 2 +3m 3 (1 + 2z/ + a) mi +2m 2 +3m 3 



/_i \mi+m 3 

4 3 ' 2] (^^2,t 3 ) = E n 7* A 



m 3 >0 (1 — ^ — ^)m 1 (l)m 2 (l)m 3 (l + ^)m 3 (l + V + 2 )m 2 +2m 3 

im\~v—dj.m2-irn3 
L l L 2 i 3 



x (9) 



+ 

mi+2m 2 +4m 3 



(1) mi+2m 2 +3m 3 mi+2m 2 +3m 3 
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\mi+m 3 



J [ *'Hti,t2,h) = £ m n v -nk L n + u) m * (io) 

mi,m 2 ,m 3 >0 \ l )mi\ l ~ V ~ a / Z )m 2 { L )m 3 {^ T ! / Jm 3 l i jm2+2m3 



X ■ 



v l z/ )mi+2m2+3m,3 (l)mi+2r«2+3m3 



jmi+2m 2 +4ni3 .mi + m 2 ~u-d/2, m3 

l l l 2 l 3 



( _1 ^mi+ma 

4 3 ' 41 (tl,t 2 ,t 3 ) = F 7 ^ 7T\ — 7T\ 7 ^77^ X (H V 

mi,m 2 ,m 3 >0 (* + ^ViU ~ ^ ~ «/2) m2 (l)m 3 (1 + ^) 

"13 (l)m 2 +2m 3 



' - ;mit™2tim3 ,m\+v ±rn 2 -v-ai d, , m3 

(U h -L,A 1 2 3 

V J -/mi+2m 2 +3m3 V- 1 - ' ^ )mi+2m,2+3m 3 

Observe also that when t 3 = (and v generic) these functions reduce to : 



J [ ^\t u t 2 ,0) = J [ ^ 1 Ut 1 ,t 2 ) (12) 



'v+d/2\ 

J^Kh^O) = J [ ^ /2 (t u t 2 ) (13) 

J^(ti,t2,0)=^^^id /2 (t ll t 2 ) (14) 

4 3>41 (*i ) *2,0) = J^pituU) (15) 

2 Some algebraic identities 

For the general theory of Jordan algebra one can see [3] , but what we will develop is somehow 
specific to the rank three. So, let A a real simple and euclidean Jordan algebra with rank 

3 and dimension n. We know tha n = 3 + 3d where d — 1,2,4 or 8. Let {ci,c 2 ,Cs} be a 
complete system of mutually orthogonal primitive idempotents i.e, QCj = t^Cj, c\ + c 2 + c 3 = e 
the unit of A and none of the c/s can split into a sum of two idempotents. We have a Cayley- 
Hamilton like theorem: x 3 — a\(x)x 2 + a 2 (x)x — as(x)e = and a spectral decomposition: 
x = k. (X\Ci + A 2 c 2 + A3C3) with k an element of the automorphism group of A and A, reals 
such that: 

<Xi(x) = Ai + A 2 + A 3 := tr(x) 

a 3 (x) = AiA 2 A 3 := det(x) and (16) 
a 2 (x) = A X A 2 + A1A3 + A 2 A 3 ' ' 
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trix) 2 — tr(x 2 ^ 



The inner product is defined then by: (x, y) := tr(xy). The operators L(x) and P(x) are defined 
by L(x)y = xy and P(x) = 2L 2 (x) — L(x 2 ). Let us consider the Peirce decomposition with 
respect to the idempotent C3 i.e, A = A © Ay 2 © A% where A a is the eigenspace of £(c 3 ) with 
respect to the eigenvalue a. A Q and A\ are Jordan subalgebras of rank 2 and 1 respectively, 
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and A1/2 is a subspace of dimension 2d. Put n = dim A = 2 + d and e = C\ + c 2 the unit of 
A . We have A Ai = {0}, (A © Ai) A 1/2 C Ai /2 and Ai/ 2 Ai/ 2 C A ®A 1 . If we write ir(z) or 
det(z) of an element of A this will mean trace and determinant with respect to the subalgebra 
Aq. We denote by Q 3 the cone of positivity of A i.e, Q 3 = {x G A / \ > 0, % — 1, 2, 3} = 
{2; G A / aj(x) > 0,i = 1,2,3} and by the cone of A . Every x in f2 3 (resp. in Q 2 ) admit a 
unique square root in Q 3 (resp. in Q 2 ) and is invertible. 

Lemma 1 For y = e + £ + tc 3 £ G A1/2 and t G IR we nave 



proof : The projection onto A\ is P (03), so P (03) £ = and therefore = tr (P (03) £) = 
(e, P(c 3 )£) = (c 3 ,£) = §£r(£). By the same argument tr(£ 3 ) = 0. Now by Cayley-Hamilton 
£ 3 + a 2(£)£ — det(£)e = which implies det(£) = 0. On the other hand £ 2 = u + rc 3 with 
« G A and r G R. We have r = (c 3 ,£ 2 ) = (fc 3 ,f) = 5 ||£|| 2 and tr(u) = \ ||£|| 2 . From 
det(£ 2 ) = rdet (u) we deduce that det(n) = 0. So by Cayley-Hamilton (in A ) we can write 



u 2 = \ \\ifu. Now i 2 = u + rc 3 = u 2 + r 2 c 3 = \ \\ifu + \ \\ifc 3 = \ Wife and then 
£ 3 = \ Therefore u£ = \ ||£|| 2 £. Then we have : 



^{y) = t-\m\ 2 



(17) 



V = e + £ + tc 3 




y 3 = (e + (2 + t)u) + (l+t + t 2 + ±U\\ 2 )t+ (t 2 + 1 U\\ 2 + \ Wit) C3 



and also tr(y) = 2 + t, a 2 (y) = - [tr(y) 2 — tr(y 2 )] = l + 2t — - ||£|| 2 . The result is a consequence 




Lemma 2 If y = z + ^ + tc 3 with z G Q 2 , £ G A1/2 and £ G IR we have 




(18) 



proof : The application 



P 




(19) 



u 



p(u) defined by p(u)£ = 2L(w)£ 
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is a representation of A in the space Ai/ 2 (for more details see This mean 
2p{uv) = p{u)p{v) + p{v)p{u) and identically P{u)^ = 0. So 

P(u + c 3 )y = P(u + c 3 )z + P(u + c 3 )^ + tP(u + c 3 )c 3 
= P(u)z + 2L(u)£ + tc 3 

Now if u = z~ x l 2 we derive the desired result thanks to (fT7|) and the fact that 

det [P(z- 1/2 + c 3 )y] = det(^ 1/2 + c 3 ) 2 det(y) 

= det (z~ l ) det (y) 
= det(z)- 1 det(y) 

Corollary 1 If y = z + £ + tc 3 E Q 3 , then : 

, _ n 2det(, 2 ) + 2ttr(, 2 )-|l£l| 2 



2det(z) 

proof : first we have y 3 — tr(y)y 2 + a 2 (y)y — det(y)e = 0. Then 



and therefore 



tr 



det(y) 



V 2 - tr(y)y + a 2 {y)e 



det(y) 
1 



^- ) [tr(zr + 2ttr(z)-tr(z 2 )-U\\ 2 
1 



2det(y) 



2det(s) + 2ttr{z) - 



3 K-Bessel function 

The K-Bessel function is defined by (see |2],|S]) 

Kf\x) =J e'^^-^idetyy-^dy 

After a change of variable, one can show that 



Kf(x) = (detx)-"K [3 l(x) 



Following |2j where it is proved that K$ is a solution of a differential system similar to HJ, we 
can write 

Kf (x) =£ o£ jM + Kt-Jt j] (25) 
i=i 

According to (|24jl we have : a£ = fcL;, for j = 1, 2, 3, 4. For suitable v, the following limit holds 
(see (Bj for more information on Tq 3 , the gamma function of the cone Q3) : 

lim K®(x) = T n3 (-u) = (2ir)*V(-v)V(-v - ±)T{-v - d) (26) 
x -> 2 

so 

al = b\ = (27r)¥r(-i/)r(-i/ - ~)r(-*, - d) (27) 

according to the behaviour of the solutions J| 3 '^. To determine the other coefficients we take 
i^Oon the boundary of Vt. So if x = x\Ci+ X2C2 then the integral representation of Kj® takes 
the explicit form 



Kf\x 1 ci + x 2 c 2 ) 



exp — 



n 2 e 



2det(z) +2ttr(z) - 
2det(z) [t-(z-^,0] 



x 



(28) 



x exp - (a;, z) de%{z) v ~ d ~ l \t - (V 1 ^ £ 



v-d-l 



dzd^dt 



where E= {(*,£) <E R x A 1/2 / t > (-2 _1 £,£)} and 1/ = z + £,+tc 3 . We change i by £ + £)■ 
The integral over E becomes 



+00 



e 1/4 exp 



A 1/2 
+00 



e -l/t e -(B.5,$) 



trjz) ( Z -%Z)-I\\tf 
tdet(z) 

t"- a - L d£dt 



i"-*- 1 d£dt 



A 1/2 



where the operator B = p(y) with v 



tr(z) 



2t detU) 



because tr(v) 



tr(zf - 2det(z) 



2t det(z) 



eo- Note that v E Vt 2 



2- 2d t- 2d det{z)- 2d . But 



2t(det{z)Y 



> and det(v) 



4t 2 (det (z))' 



> 0. Also det B = det(v) 



J e- m ^d^7r d (detB) 



-1/2 



so 

+00 

/ = (27r) c l det(z) d J e' l 'H v - x dt = (2n) d T(-v) <\et(z) d (29) 


Now 

tr(z) 

Kf(x lCl + x 2 c 2 ) = {27c) d T{-u) J e det W exp-(z,z) det(z)^ 1 dz 

= (27r) d r(-z/) J e -* r(2_1) exp - (x, z) &et{z) v+d/2 - d/2 - 1 dz 

= (2n) d T(-u)K^ d/2 (x lCl + x 2 c 2 ) (30) 
Theorem 1 We have (according to (f3^) . (fT^) . (f73|) , flT^l) , (fT3jl and the behaviour of J- solutions): 

3=1 

with 

al = b\ v = (27r)*r(-i/)r(-i/ - ±)T(-v - d) 
< = b\ = (2^T(-u)T(-u - + d) 

al = bi u = (2rr)fT(-u)T(u+^)T(u) 
at = bi 1/ = (27r)fT(-u)T(u + ^)T(-u) 
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